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This work is concerned with basic aspects of the theory of point es-
timation in the context of parametric statistical models. The main
objective of the exposition is to illustrate fundamental notions, like
unbiasedness, consistency and asymptotic normality, presenting a
series of fully analyzed examples. To achieve this goal, two meth-
ods of constructing estimators, namely, the maximum likelihood
technique and the method of moments, are carefully presented and,
combining the central limit theorem with the invariance property
of the asymptotic normality under the application of smooth func-
tions, a detailed derivation of the limit distribution of moments

estimators is given.
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Chapter 1

Perspective of This Work

In this chapter presents a brief outline of this work, establishing the
main objectives and describing the organization of this subsequent material.

The main contributions are clearly stated.
1.1. Introduction

This work deals with the problem of parametric point estimation. Undoubt-
edly, the area of point estimation lays in the core of the statistical method-
ology, and a major step in every theoretical or applied analysis is the deter-
mination of estimates (i.e., approximations) to some unknown quantities in
terms of the observed data; moreover, every treatise on statistics dedicates
a good amount of space to describe methods of constructing estimators and
to analyze its properties (Dudewicz and Mishra , 1988, Wackerly et al. 2009,
Lehmann and Casella, 1999, or Graybill, 2000).

The topics analyzed in the following chapters are mainly concentrated

on three aspects of the estimation problem:

(i) The construction of estimators via the maximum likelihood technique and

the method of moments;

(ii) The study of particular models to illustrate the estimation procedures,

and to point out the technical difficulties to obtain explicit formulas.

1



(iii) The analysis of the asymptotic behavior of momenst estimators.

Each one of these topics are briefly described below.
1.2. Parametric Estimation Problem

In general, the purpose of a statistical analysis is to use the observed data
to gain knowledge about some unknown aspect of the process generating
the observations. The observable data X = (X1, Xo,...,X,,) is thought of
as a random vector whose distribution is not completely known. Rather,
theoretical or modeling considerations lead to assume that the distribution
of X, say Px, belongs to a certain family F of probability measures defined
on (the Borel class of) R":

Px e F. (1.2.1)

This is a statistical model, and in any practical instance it is necessary to
include a precise definition of the family /. In this work, the main interest
concentrates on parametric models, for which the family F can be indexed
by a k-dimensional vector 8 whose components are real numbers; in such a
case the set of possible values of 0, which is referred to as the parameter

space, will be denoted be © and F can be written as
F={Py|0 €O}

In this context the model (1.2.1) ensures that there exists some parameter
0* € © such that Px = Py, that is, for every (Borel) subset A of IR"

P[X € A] = Px[A] = Py.[A]. (1.2.2)

The parameter 6* satisfying this relation for every (Borel) subset of R" is
the true parameter value. Notice that the model prescribes the existence of
0* € O such that the above equality always holds, but does not specify which
is the parameter 6*; it is only supposed that 6* belongs to the parameter
space ©, and the main objective of the analyst is to determine 6* using
the value attained by the vector X, say X = x. Indeed, the lack of exact
knowledge of 0* represents ‘the aspects that are unknown ’ to the analyst
about the real process generating the observation vector X. On the other
hand, in any practical situation, 6* can not be determined exactly after

observing the value of X, so that the real goal of the analyst is to make an
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‘educated guess’ about the true parameter value using the observed value
of X; this means that a function T'(X) must be constructed so that, after
observing X = x, the value T'(x) will represent ‘the guess’ (approximation) of
the analyst to the true parameter value 6*. More generally, the interest may
be to obtain an ‘approximation’ to the value g(6*) attained by some function
g(0) at the true parameter value #*. The estimation problem consists in
constructing a function 7'(X) whose values will be used as approximations
to g(0*) such that the estimator T'(X) has good statistical properties. As

already mentioned, this work analyzes methods to construct estimators.
1.3. Contribution and Main Goals

The main goals of this work can be described as follows:

(i) To present a formal description of two important methods to construct
estimators, namely, the maximum likelihood technique, and the method of

moments;

(ii) To use selected examples to illustrate the construction of estimators in

models involving distributions frequently used in applications,

(iii) To show the usefulness of elementary analytical tools in the analysis of
basic notions in the theory of point estimation, as unbiasedness, consistency,
asymptotic normality and convergence in distribution.

On the other hand, this work is also concerned with the more specific
problem of estimating a quantile of a continuos distribution function, and

the main purpose in this direction is the following:

(iv) To provide a derivation of the asymptotic distribution of the sequence
of moments estimators.

The analysis performed below to achieve these objectives, as well as the
numerous and detailed examples on the theory, represent the main contri-
bution of this work. Indeed, due to the technical difficulties that a rigorous
analysis of a statistical problem requires, frequently the delicate and more
demanding parts of the arguments are usually described, but not proved; in
the present exposition a serious effort has been made to derive and explain
the results in a clear and concise manner, highlighting the essential statistical
and analytical tools that are used to establish the conclusions, and indicating

clearly the basic steps of the arguments.



1.4. The Origin of This Work

This work arose form the activities developed in the project Mathematical
Statistics: FElements of Theory and Fxamples, started on July 2011 by the
Graduate Program in Statistics at the Universidad Auténoma Agraria Anto-
nio Narro; the founder students were Mary Carmen Ruiz Moreno and Alfonso

Soto Almaguer. The basic aims of the project are:

(i) To be a framework were statistical problems can be freely and fruitfully

discussed;

(ii) To promote the understanding of basic statistical and analytical tools

through the analysis and detailed solution of exercises.

(iii) To develop the writing skills of the participants, generating an orga-
nized set of neatly solved examples, which can used by other members of the
program, as well as by the statistical communities in other institutions and

countries.

(iv) To develop the communication skills of the students and faculty through
the regular participation in seminars, were the results of their activities are

discussed with the members of the program.

Presently, the work of the project has been concerned with fundamental
statistical theory at an intermediate (non-measure theoretical) level, as in the
book Mathematical Statistics by Dudewicz and Mishra (1998). When neces-
sary, other more advanced references that have been useful are Lehmann and
Casella (1998), Borobkov (1999) and Shao (2002), whereas deeper probabilis-
tic aspects have been studied in the classical text by Loeve (1984). On the
other hand, statistical analysis requires algebraic and analytical tools, and
ne these directions the basic references in the project are Apostol (1980),
Fulks (1980), Khuri (2002) and Royden (2003), which concern mathematical
analysis, whereas the algebraic aspects are covered in Graybill (2001) and
Harville (2008).

The examples that are used below to illustrate the basic statistical no-
tions studied in this work are a direct product of the activities of the different
participants in the project, and enjoying the discussions and different per-
spectives of analysis of a problem has been an experience in a lifetime. In
particular, it is a real pleasure to thank to my classmate, Alfonso Soto Al-

maguer, by his generous help and clever suggestions.



1.5. The Organization

The remainder of this work has been organized as follows:

In Chapter 2 the basic concepts in the theory of point estimation are in-
troduced, presenting a description of the idea of parametric statistical model,
and discussing the estimation problem of an unknown parametric function.
The exposition continues with the notions of unbiased estimator and consis-
tency of a sequence of estimators, and the related concept of asymptotically
unbiased sequence is also analyzed. Next, in Chapter 3 the method of maxi-
mum likelihood estimation is introduced, which is based on the intuitive idea
that, after observing that data, the estimate of the unknown parameter 6 is
the value  in the parameter space that assigns highest probability to the
observations. Then, Chapter 4 is concerned with the method of moments
and the presentation concludes in Chapter 5 analyzing the limit distribution

of a sequence of moments estimators.



Chapter 2

Consistency and Unbiasednenss

This chapter is concerned with the basic notions in the theory of point
estimation. After a brief description of a parametric statistical model, the
problem of estimating a function of the unknown parameter is considered.
The idea of estimator is introduced and the main objective is to illustrate
fundamental properties, as unbiasedness, consistency and asymptotic unbi-
asedness. These goals are achieved by analyzing in detail several examples

involving familiar distributions.
2.1. Introduction

Let X,, = (X1, X2,...,X,) be an observable random vector. A parametric
statistical model for X prescribes a family {Py}oco of probability distribu-
tions for X, where the set of indices O is referred to as the parameter space
and is a subset of IR¥ for some integer £ > 1. Thus, a statistical model can
be thought of as the hypothesis that of the distribution of X coincides with
Py for some parameter # € O, but the ‘true’ parameter value—the one which
corresponds to the distribution of the observation vector X—is unknown.

The statistical model is briefly described by writing

X~ P, 6c€06.
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Frequently the components Xi, Xs,..., X, of the random vector X are in-
dependent and identically distributed with common density or probability

function f(z;0), and in this case the model will be written as
X~ f(z;0), 0€0,

where it is understood that the involved variables are independent with the
common distribution determined by f(z;8).

The main objective of the analyst is to determine, at least approxi-
mately, the value of the true parameter or, more generally, the value of a
function g(f) at the true parameter. To achieve this goal, the components

of the observation vector X are combined in some way to obtain a function
T, =T,X)=T,(X1,Xo,..., X})

and, after observing X = x = (z1,x2,...,%,), the function T, is evaluated
at x to obtain T, (x) = T),(z1,x2,...,Z,), a value that is used as an ‘approx-
imation’ of the unknown quantity g(#). The random variable T, is called an
estimator of g(0) and T}, (x) is the estimate corresponding to the observation
X = x. Notice that this idea of estimator is quite general; indeed, an esti-
mator is an arbitrary function of the available data whose values are used
as an approximation of the unknown value of the parametric quantity g(0);
thus, some criteria are needed to distinguish among diverse estimators and

to select one with desirable properties.
2.2. The Estimation Problem

In this section the problem of point estimation is discussed, and two basic

properties of estimators are discussed, namely, unbiasedness and consistency.
A parametric statistical model for a random (and observable) vector X =
(X1,Xo,...,X,) postulates that the distribution of X is a member of a
a family {Pyp}oco of probability distributions on the Borel subsets of IR".
The set of indices © is referred to as the parameter space and is a subset
of an Euclidean space R”. Thus, a statistical model stipulates that the
distribution of X coincides with Py for some parameter 6 € O, but the
‘true’ parameter value—the one which corresponds to the distribution of the
observation vector X—is unknown. Such a model is briefly described by
writing

X~ P, 6€06.
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The main objective of the analyst is to determine, at least approximately, the
value of the true parameter or, more generally, the value of a function g(#) at
the true parameter. To achieve this goal the components of the observation

vector X are combined in some way to obtain a function
Tn = Tn(X) = Tn(XI; XQ, e 7Xn)7

whose values are used as ‘approximations’ of the unknown quantity g(0).
Thus, after performing the underlying experiment and observing X = x =
(x1,22,...,xy,), the value T, (x) = T}, (x1, 2, ..., T,) is used as the analyst’s
guess for the g(f). The random variable T;, is called an estimator of g(0)

and T}, (x) is the estimate corresponding to the observation X = x.

An estimator of g(6) is unbiased if

the subindex 6 in the expectation operator is used to indicate that the ex-
pected value is computed under the condition that 6 is the true parameter
value. Generally, the value attained by an estimator is not equal to g(6) but,
if the estimator T, is unbiased and the experiment producing the sample
X is repeated again and again, the estimates 7}, 1,7, 2,1 3,... obtained at

each repetition satisfy that, with probability 1,

Tnl +Tn2+Tn3++Tnk
k

converges to ¢g(6) as the number k of repetitions increases, a property that
is consequence of the law of large numbers. Thus, on the average, the esti-
mator 7, ‘points to the correct quantity’ g(6). It must be noted that not
all quantities of interest admit an unbiased estimator. For instance, suppose
that X1, Xo,..., X, is a sample from the Bernoulli() distribution, where
0 € © = [0,1], and assume that T,, = T,,(X1, Xo,...,X,) for g(f) is an

unbiased estimator for g(#). Since
Py[X1 =21, Xo = @9,y .., Xy = 2] = 022071 (1 — )" 2™
when the x;s are zero or one, it follows that

EQ[TH] = Z T(l’l,l‘g,...,xn)ezixi(l _0)”_Zi$i

T1,...,2,=0,1
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is a polynomial of degree less than or equal to n, so that Ey[T,] = ¢(0)
for all & € © can not be satisfied for functions that are not polynomials,
as g(0) = e’ or g() = sin(f), or even for polynomial functions with degree
larger that n, as g(f) = 6"T1. Thus, the unbiasdness property may be too
restrictive, and it is is possible to have that an unbiased estimator does not

exists in some cases of interest.

The bias function of an estimator T, of g(#) is defined by
br, (0):= Eg[T,] —g(0), 60O

so that T), is unbiased if by, () = 0 for every § € ©. To compute the bias
of an estimator 7}, it is necessary to compute the expected value Ejy|[T,],
and usually this task requires to know the density or probability function
of T,,; however, occasionally symmetry conditions may help to simplify the

computation.

A sequence {7}, } =12, .. of estimators of g(f) is asymptotically unbiased if

lim an (9) =0, €0

n—oo
a condition that is equivalent to requiring that, for each parameter 6 € O,

Ey[T,] — g(0) as n — co.

On the other hand, a sequence {7}, },,=1,2,... of estimators of g(6) is consistent

if for each ¢ > 0,

lim BT, — g(0)| > ] =0, 6€0,

that is, the sequence {T},} always converges in probability to g(f) with re-
spect to the distribution Py. The above convergence will be alternatively

written as
T, 2% g(6).

2.3. Instruments to Study the Consistency Property
There are three main tools to show consistency of a sequence of estimators,
which are briefly discussed in the following points (i)—(iii):

(i) The law of large numbers: Assume that the quantity g(6) is the expecta-
tion of a random variable Y = Y (X7), that is,

g9(0) = EplY (X1)]
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In this case, if the variables X7, Xo,...,X,,,... are independent and identi-
cally distributed, setting
Y(X1)+Y(Xe)+ -+ Y (X))

Tn - )
n

the law of large numbers yields that T, RN g(0), that is the sequence {7, }

of estimators of g(0) is consistent.

(ii) The continuity theorem. Roughly, this result establishes that consistency
is preserved under the application of a continuous function and is formally

stated as follows:

Suppose that the parametric functions g¢1(6), g2(0),...,g.(0) are estimated
consistently by the sequences {T1,},{T2n}, ..., {Trn}, that is

Tin—%g;(0), i=1,2,...,m

Additionally, let the function G(z1,x2,...,x,) be continuous at each point
(91(0),...,9-(0)). In this context, the sequence {G(T1n,Tan,...,Irn)} of
estimators of G(g1(0), g2(0), ..., 9-(0)) is consistent, i.e.,

G(TlnyTQTM s 7Trn) iG(gl(e)qu(e)v s 7gr(9))'

(iii) The idea of convergence in the mean. If p is a positive number, a
sequence of random variables {7}, } converges in the mean of order p to g(0)
if

nh—>Holo Eo[|T,, — g(0)]P] =0, 6¢€0.

The notation T, L g(0) will be used to indicate that this condition holds.
The most common instance in applications arises when p = 2, so that
T, L—2>g(9) is equivalent to the statement that, for each 0 € ©, Ey[(T,, —
9(0))?] — 0 as n — co. When T, L—p>g(0) the sequence {7}, } of estimators
of g(#) is referred to as consistent in the mean of order p. Suppose now that

T, £ g(0), and notice that Markov’s inequality yields that, for each € > 0,

EGHTn - g<9)
eb

p
Py[|T,, — g(0)] > €] < H—>O as n — 0o,

so that
T, —g(0) = T, — g(0);
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in words, if the sequence {T,} of estimators of g(f) is consistent in the
mean of order p, then {7} is consistent (in probability). This implication
is useful, since it is frequently easier to establish consistency in the mean
of some order p for some p > 0, than to prove consistency directly. When
considering consistency in the mean of order 2, it is useful to keep in mind
the the mean square error Fy[(T,,—g(6))?], the variance and the bias function

of T, are related by

Eo[(Tw — 9(0))*] = br,, (8)* + Varg(T,).

2.4. Unbiasedness and Consistency in Simple Cases

In this section the ideas recently introduced will be illustrated for statis-
tical models involving some common distributions and standard statistical
concepts, like independence. The idea is to generate some insight on the nec-
essary computations to evaluate the bias of an estimator, and to establish

the consistency or asymptotic unbiasedness of a sequence of estimators.

Exercise 2.4.1. Let T}, and T, be two independent unbiased and consistent

estimators of 6.

(a) Find and unbiased estimator of 6?;
(b) Find and unbiased estimator of 8(6 — 1);

(c) Are the estimator in parts (a) and (b) consistent?

Solution. (a) The independence and unbiasedness properties of T;, and T},

yield that, for each parameter 6,
Eo[T\T,] = Eg[Tn]Eg[T)] =6 -0 = 6*

and then T},7 is an unbiased estimator of §2.

(b) Using that Eg[T,,T] = 6% and E4[T;,] = 0, it follows that
EoT,(T), — 1)) = Ep[T,, T, — T)) = 6 — 0 = 6(6 — 1),

that is, T,,(T), — 1) is an unbiased estimator of §(0 — 1).
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(c) Since T;, and T}, are consistent estimators of #, combining the conver-
gences T), L% 9 and T P 9 with the continuity theorem, it follows that
T,.T) 2902 and T, (T) — 1) Lo, 0(60 — 1), so that the estimators in parts (a)

and (b) are consistent. O

Exercise 2.4.2. Let X7, Xo,..., X, be a random sample of size n from the
density f(z;0) = [(1 = 0) + 0/(2v/) 1[0 1)(x)-

(a) Show that X, is a biased estimator of § and find its bias b, (#),

(b) Does lim,,_, b,,(0) = 0 for all 7

(c) Is X,, consistent in mean square?
Solution. The mean of the density f(x;0) is

u(@)z/ﬁxf(ac;@)dac:/o $[(1—9)+9/(2\/E)]d$:1;29+§:%—g.

(a) Since Ey[X,] = u(0) # 0, the sample mean X, is a biased estimator of
6, and b,(0) = (@) —0=1—-170/6

(b) Notice that b,(0) =1 —70/6 # 0 for all 6 € [0, 1] does not depend on n,
so that lim,_, b,(0) =1 — 76/6, and then b, (0) does not converge to zero
at any parameter value; in particular, considering X,, as an estimator of 6,

the sequence {X,} is not asymptotically unbiased.

(c) The sequence {X,} is not consistent in mean square; indeed Ey[(X,, —
6)2] > b2(0), and then Eg[(X,, — #)?] does not converges to zero as n — oo,
by part (b). O

2.5. The Usefulness of a Symmetry Property

The objective of this section is to show that the computations to analyze
the properties of an estimator can be eased by the application of symmetry

properties of the underlying probability measures postulated by the model.

Exercise 2.5.1. Let X, X5,...,X,, be independent random variables each

with the same ‘displaced Laplace density’

1
fl0) = ez e,
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where the parameter 6 belongs to R. If Y; <Y, < ... <Y, are the order
statistics, show that T,, = (Y7 +Y},)/2 is an unbiased estimator of 6. O

Solution. The key fact to keep in mind is that the underlying density is
symmetric about 6, so that X; —6 and 6 — X; have the same Laplace density
f(z) = (1/2)e~1#I. Using the independence of the variables X;, it follows
that

(X1 —0,X0—0,..., X, —0)2(0— X1,0 — Xo,...,0 — X»),
a relation that, after applying the minimum functions in both sides, leads to
min{X; — 0, i=1,2,...,n} < min{6 — X;, i =1,2,...,n}.
Notice now that
min{X; -0, i=1,2,...,n} =min{X,;, i=1,2,...,n}—0=Y, — 6

whereas
min{f — X;, i=1,2,...,n} =0+ min{—-X,;, i =1,2,...,n}
=60 —max{X;, i=1,2,...,n}
=60-Y,.

Combining the three last displays, it follows that
Y, —029-Y,,

and then both sides in this relation have the same expectation, that is,
E[Y1 —0] = E[0 —Y,,]. Therefore, E[Y1 +Y,,| =20, i.e., Ey[(Y1+Y,)/2] =0,
showing that T,, = (Y1 + Y,,)/2 is an unbiased estimator of 0. O

2.6. Additional Examples

The remainder of the chapter is dedicated to provide further illustrations of

the basic conceptos introduced in Section 2.2.

Exercise 2.6.1. (a) Let X have density f(z;0) = [2/(1 — 0)%](z — 0)I9,1),
where 6 € [0,1). Show that Fy[X — 0] = 2(1 — 0)/3, and hence find an

unbiased estimator of 6 based on a sample of size 1.
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b) If X;,Xs,...,X, is a random sample of size n from the density in part
a), find a function of X,, that is unbiased for 6, and also find the bias of

—~

= =

(c) Let Y1 <Y, <.-- <Y, be the order statistics of the sample in part (b).
Find Eo[Vi].

Solution. (a) Notice that

Ey[X — 0] = /]R(SC = 0)f(w;0) dw = [2/(1 - 0)7] /61(93 —0)* do = %(1 —0);
hence, the mean of the density f(z;0) is
p(0) = BylX] = 2+ ¢

and Ep[3X — 2] = 6, that is , T = 3X; — 2 is an unbiased estimator of

based on a sample of size 1.

(b) Because the expectation of the sample average equals the population
mean, part (a) yields that Eg[X,] = (2 + 0)/3, that is, Ey[3X,, — 2] = 0, so
that T,, = 3X,, — 2 is a function of X,, and is an unbiased estimator of 6.
The bias of X,, as an estimator of § is bx (0) = Eg (X, —0=2(1-6)/3.

(c) To evaluate Ey[Y1] it is necessary to determine the density of Y;. Observe
that the distribution function of the density f(x;0) satisfies

(z—0)

F($§9) = m,

0 <x<l.

An application of the formula for the density of Y7 yields that, for 8 <y <1,

fri(y:0) = nf(y; 0)[1 — F(y; 0)]" ™" = ”%y__g)ez) [1 - Ezl/ = 232] N

an expression the leads to

Eem—e]:/g (y—@)-n?iy__e)ez) {1— g:zH oy

Changing the variable in the integral to z = (y — 0)/(1 — 6), and observing
that dy = (1 — 0)dz and that z = 0 when y = 6 and z = 1 when y = 1, it
follows that

Ep[Y1 — 0] = 2n(1 - 0) /1 22 [1- ZQ}"‘l dz.
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To obtain an explicit formula, chage the variable in this last integral by
setting w = 22 to obtain, using that z = w'/? and dz = (1/2)w~"/2, that

1
EplYy — 0] =n(1 — 9)/ w3271 — w)" ! dw.
0

Recall now that fol 2 11— 2)%~1 =T (a)I'(B)/T(a + B), and combine this
expression with the previous display to obtain
n(l —0)I'(3/2)'(n)
EylY1 — 0] = . 2.6.1

o =9 T(n+3/2) (26.1)

The right-hand side can be simplified by observing that
[(3/2) = (1/2)T'(1/2) = /7/2
I'(n)=(n-1)!

= (
I'(n+3/2)=(Mn+1/2)I'(n+1/2)
= (

n+1/2)(n—1/2)['(n—1/2)

= (n+1/2)(n —1/2)---(1/2)I(1/2)

2n+1 2n—1 1
() () ()
@n+1)(@2n-1)---1
— o Jr
@n+1)2n)2n—-1)2n—2)---2-1
B 2n(2n)(2n — 2) -+ -2 v
-

22np)

Combining these expressions with (2.6.1) it follows that

~ n(1=0)[V7/2](n —1)!
Eoly1 — 0] = [(2n + 1)!/22m0)] /7

1-46 1
T 22n+ 1) [(2n)l/227(n))?]
1-6 22n
- 22n+1) (2n
()
Thus, ,
Bl =0+ -~ 2

2(2n + 1) (2n> ’

n
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concluding the argument. O

Exercise 2.6.2. Let X, Xs,...,X,, be independent random variables each

one with distribution Gamma (o, \), which has density

)\Q{

F(Cl{) xaileiAmI(O,OO) (x)7

flzia, ) =

where o and A are positive. Suppose that « is known, and define
B=pAN)=1/\, and T, =X,/a.

(a) Show that T,, is an unbiased estimator of 5 which is consistent in mean

square.

(b) Show that (X + X2 +---+ X2)/[na(a + 1)] is unbiased and consistent

as estimator of 2.

Solution. To begin with, recall that the first and second moments of the

Gamma (o, \) distribution are given by

1
BE\[X1] = % —aB, and E\[X? = % —ala+1)82, (2.6.2)
relations that yield
Vary[X1] = % = aB> (2.6.3)

(a) The first equation in (2.6.2) yields that Ey[X,] = a3, and then E\[T},] =

E\[X,/a] = B, that is, T,, is an unbiased estimator of 5. On the other hand,
from (2.6.3) it follows that Vary[X,] = Vary[X1]/n = a3?/n, and then

E\[(T, = B)?] = Vara[T%]
= Var)[X,/a] = %Var)\[yn] = % —0 as n — oo,

so that T;, is consistent in mean square as estimator of 3.

(b) The second equality in (2.6.2) and the law of large numbers together

yield that
XI+X3+---+X2
n

E\ = a(a+1)5%,
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and 24 x2 X2
IR T T Py ot 182
n
Hence,
X244 X2 4+ ...4 X2 X244 X2 4 ...4X2
E\ itA+ + n:/BQ, and itA+ + ni)BQ
no(a+1) no(a+1)

showing that (X7 + X2 + -+ + X2)/[na(a + 1)] is unbiased and consistent

as estimator of 32. O

Exercise 2.6.3. Let X, X5,..., X, be independent random variables with
Exponential (\) distribution, which has density

F(@ ) = Ae M g0y (2),

where A > 0. Note that F)[X;] =1/\.

(a) An intuitive estimator for X\ is 1/X,,. Show that this estimator is biased,

and compute the bias b, 5 (N).

(b) Based on part (a), find an unbiased estimator of A.

Solution. Let n be a fixed positive integer and notice that

YVi=X1+ -+ X,, ~ Gamma(n, \),

so that
e
o yI(n)
A" > -2 _—)y
- n d
I'(n) / e
A" I'(n—-1) A
T(n) Al 1
Hence,
E[I/Y]—E[n/Y]— nA —)\+L' (2.6.4)
A n] — L4\ — n—1 — n— 15 <.

this relation shows that 1/X, is a biased estimator of A, with bias b, /X (A =
A/ (n—1).
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(b) Equality (2.6.4) yields that Ex[(n —1)/(nX,)] = A, so that

T,=Mn-1)/(X1i+Xo+ -+ X,)

is an unbiased estimator of \. ad
Exercise 2.6.4. Let X1, X5,..., X,, be a random sample from the triangular
density
P78 Sfa<z<(a+d)/2
c
. —J b=
faab) =3 072 e ipy2<a<h
c
0 otherwise,

where a and b are arbitrary real numbers satisfying a < b, and ¢ = ¢(a,b) =
(b—a)?/4. Show that X,, is an unbiased estimator of F(X;) (the parental
mean), and that Var [X,,] = (b — a)?/(24n).

Solution. The specification of f(x;a,b) (or a sketch of its graph) makes it
evident that, as a function of =, f(-;a,b) is symmetric about (a + b)/2; this

property can be verified analytically as follows:

If we[0,(b—a)/2], then (a +b)/2+w € [(a+b)/2,b] and

F((@a+0)/2+w;a,b) = b—[w+£a+b)/2] _ (b—a)C/Q—w.

Similarly, when w € [0, (b — a)/2], the inclusion (a+b)/2 —w € [a, (a +b)/2]
holds, so that
fa+b)/2—wiap) = @FV2wl—a_(b=a)2-w

C C

These two last displays yield that

fl(a+b)/2 4+ w;a,b) =

(b—a)/2 — |u|
c I_(b_a)g’ (b_a)/g)(w), (2.6.5)

showing explicitly that f(-;a,b) is symmetric about (a+b)/2. Consequently,
the mean of the density is (a + b)/2, that is

= pla,b) = /}R o f(z;0,b) dx = (a -+ b)/2,
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and the variance of the density is
o? =o%(a,b) = / (x — (a+b)/2)*f(2;a,b) dx
R
b
~ [ @+ 022 wa by do

(b—a)/2
:/ w? f(w + (a+b)/2;a,b) dz
—(b—a)/2

and using (2.6.5), it follows that

(b—a)/2 b—a)/2 —
o [ Al

—(b—a)/2 c
b—a)/2
_ 2/( 2 ab—a)2-w
0 C
_ 2 {[(b— a)/2]*  [(b—a)/2*
c 3 4
Cb-a)/d p-a)t _ (b-a)?
6¢ 96¢ 24

Concerning the consistency of the sequences {X,} and {S2} as estimators
of  and o2, it is important to keep in mind that they are always consistent,
as it is shown in Dudewciz y Mishra (1998). O



Chapter 3

Maximum Likelihood Estimation

The idea of estimator as presented before is rather arbitrary, in the sense
that any function 7' of the observations is considered as an estimator of a
parametric quantity g(6), as soon as the analyst is willing to think that the
values attained by T can be used as approximations for g(#). In this chap-
ter a technique to generate estimators that can be reasonably thought of as
‘approximations’ for g(#) is presented, namely the method of maximum like-
lihood. The technique is based on an intuitive principle that can be roughly
described as follows: After observing the value attained by the random vec-
tor X, say X = x, the estimate of the unknown parameter 6 is the value
6 in the parameter space that assigns highest probability to the observed
data. In other words, under the condition that 0 is the true parameter value,
the occurrence of the observed event [X = x| is more likely than under the
condition that the true parameter is different form 6. The objective of the
chapter is to present a formal description of these idea, and illustrate its

application.
3.1. Introduction

In this section a measure of the likelihood of an observation X under the

different parameter values is introduced, and then it is used to generate

20
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estimators of parametric quantities. Consider a statistical model
X~ P, 60,

and, as a starting point, suppose that X is a discrete vector. In this case, let
fx(x;0) = Py[X = x| be the probability function of X under the condition
that 0 is the true parameter value. As a function of 6 € O, the value f(x;0)
indicates the probability of observing X = x if the true distribution of X
is Py, and then is a measure of the ‘likelihood’ of the observation x if 0 is
the true parameter. Thus, the likelihood function corresponding to the data
X = x is defined by

L(0;x) = fx(x;0), 0€©O (3.1.1)

When X is continuous it has a density fx(x;60) depending on 6, and the
likelihood function associated with the observation X = x is also defined by
(3.1.1); notice that in this case, f(x;60) is not a probability. However, suppose
that the measurement instrument used to determine the observation has a
certain precision h, where h is ‘small’, so that when X = x is reported, the
practical meaning is that the vector X belongs to a ball B(x;h) with center

x and radius h; , when 6 is the true parameter value, the probability of such

/ fx(y:0) dy
YEB(x;h)

and, if the density fx( -;#) is continuous, the above integral is approximately

an event is

equal to
Volume of B(x;h)f(x;0);

it follows that the likelihood function is (approximately) proportional to the
probability of observing X = x; moreover, the proportionallty constant does
not depend on 6, and then when the maximizer of the function L(-;X) is
determined, such a point also maximizes (approximately) the probability of

the observation X = x.
3.2. Maximum Likelihood Estimators and Invariance Principle

The maximum likelihood estimator of 0, hereafter denoted by 6 = §(X), is
(any) maximizer of the likelihood function L(6;X) as a function of 6, that
is, 0(X) satisfies

L(6;X) > L(0;X), 60€O. (3.2.1)
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This maximum likelihood method to construct estimators of 8 plays a central
role in Statistics, and there are, at least, two reasons for its importance:
(i) The method is intuitively appealing, and (ii) The procedure generates
estimators that, in general, have nice behavior. For instance, as the sample
size increases, the sequence of maximum likelihood is generally consistent,
and the estimators are asymptotically unbiased. Moreover, (iii) As it will
be seen later, the asymptotic variance of maximum likelihood estimators is
minimal.

Frequently, what is desired is to estimate the value of a parametric
function ¢(f) at the true parameter value. In this context, it is necessary
to decide what value ¢ is ‘more likely” when X = x has been observed.
To determine such a value, consider the likelihood function L(-;x) of the
data and define, for each possible value g of the function g(#), the reduced
likelihood corresponding the value g of g(#) by

L;(X):= max L(6;X), (3.2.2)

0: 9(0)=g
so that Lj(X) is the largest likelihood that can be achieved among the pa-
rameters 6 that produce the value g for g(f). The maximum likelihood
method prescribes to estimate g(f) by the value § that maximizes L;(X) as

a function of g:
Ly(X) > LX), ¢ an arbitray value of g(f).
The maximizing value can be determined easily. Set

3= 9(6) (3.2.3)

and notice that (3.2.1) and (3.2.2) imply that, for each possible value g of
9(0),

L(6;X) > max L(#;X) = Lz(X)
0: 9(6)=3

and

L(0;X) = max L(6;X)= LyX)
0: 9(0)=g

It follows that L;(X) > L;(X), and then the reduced likelihood is maximized
by ¢ in (3.2.3). In short, the maximum likelihood estimator of a paramet-

~

ric function g(0) is § = ¢(0), the value that is obtained by evaluating the



23

function ¢ at the maximum likelihood estimator of #. This result is called
the invariance principle (or property) of the maximum likelihood estimation

procedure.
3.3. Logarithmic Transformation

Before going to the analysis of specific examples, it is useful to note that,
when the observation vector X is a sample (X1, Xo,..., X,,) of size n from a
population with probability function or density f(x;#), the likelihood func-

tion is given by
n

L(6;X) = [ [ F(X:;0);

i=1
since the logarithmic function is strictly increasing, maximizing this product

is equivalent to maximizing its logarithm, which is given by

In any case, whether L(-; X) or £(6;X) is being maximized, the problem of
obtaining its maximizer is an interesting one. As it should be expected, the
differentiation technique plays a central to analyze this optimization problem,
In particular, of the likelihood function is ‘smooth’ as a function of 8 and
the maximizer belongs to the interior of the parameter space, the following

likelihood equation is satisfied:
DyL(6;X) =0, (3.3.1)

where Dy is the gradient operator, whose components are the partial deriva-
tives with respect to each element of the parameter #; thus, when 0 is a
vector, (3.3.1) represent a system of equations satisfied by 6. On the other
hand, when 0 belongs to the boundary of the parameter space, the require-

ment (3.3.1) is no longer necessarily satisfied by the optimizer 6.

3.4. Elementary Applications

The following examples illustrate the application of the maximum likelihood

method for the construction of estimators in models that frequently appear in
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statistics, and show that the application of the technique leads to interesting
problems, even for familiar models as the normal one. The first example

concerns a normal model with unitary coefficient of variation.

Exercise 3.4.1. Let X1, X5,..., X, be a random sample from the N (6, 6?)
distribution, where 6 € (0,00). Find the maximum likelihood estimator of

0. Is the sequence {0, } consistent?

Solution. The likelihood function is given by

n

L(#;X) = [J(1/v2mt)e- Xm0 /207

i=1
and it logarithm is given by

n

£(6:X) = C — nlog(6) — %Z (Xi9—9>2

i=1

Hence

OL(0;X) = —— _
From this expression, direct calculations show that the equation dgL(6; X) =
0 is equivalent to 62 + m10 — mo = 0, where m, is the ith sample moment

about 0. The unique positive solution of this likelihood equation is

o Ty dmg
2 2[\/m3 + 4mg +mi]

Since 0L(0; X) — —o0 as 8 — 0 or § — oo, it follows that §* maximizes the

likelihood, that is,

0

4m2
" 2[\/m3 + 4ma + m4]
_ 42?:1 X?/n
2/ (X0, Xi/n))2 +4>70, X7 /n+ 30, Xi/n]

To analyze the consistency of {én}, recall that the law of large numbers

implies that

ZXiQ/nﬁ)E(?[XlQ] = Varg [X1] + (Eg[X1])? = 6* + 60 = 20°
i=1
and

3" Xi/n % Bo[X1] = 0.

=1



25

Combining these convergences with the continuity theorem it follows that

~ Py 4(2602) 862
0, — = =40
2[4/ (0)% +4(20%) + 0]  2[vV962% + 0]
establishing the consistency of {6,,}. O
Exercise 3.4.2. Let X1, Xo,..., X, be a random sample of size n from the

gamma density f(z; o, A) = A2 e /T (@) (g, 00) (), where 0 = (a,\) €
© = (0,00) x (0,00). Use the approximation
I"(a)
ING)

to find an approximate formula for the maximum likelihood estimator 0, =

~

(Gny An).

~ log(a) — L (3.4.1)

Solution. Under the condition X; > 0 for all ¢ (which in the present context

always holds with probability 1), the likelihood function is

L(6;X) = [JA/T (@)X e X, 6= (o, A) € (0,00) x (0, 00).

=1

and it logarithm is given by
L(0; X) = nalog(A) — nlog(I'(a)) + (o — 1) Zlog(Xi) - )\ZXi
i=1 i=1

Thus, a critical point of £(-; X) satisfies

I -
0aL(0:X) = nlog(X) — n ((2‘)) + ) log(X;) =0
. = (3.4.2)
Q@
ONL(0;X) =n~ — ; X, =0
The second equation yields that
o —
- =X, 4.
\ (3.4.3)

Combining the first equation in (3.4.2) with (3.4.1) it follows that

nlog(\) — n[log(a — 1/(2a)] + Z log(X;) ~ 0

=1
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that is,

a relation that via (3.4.3) leads to
— 1
—log (Xn) — — +— Zlog(Xi) ~ 0,
1

and then

A~

Oy =

2 Y27, log(X;)/n — log (Xn) ]
This expression and (3.4.3) yield that

1
2X, [S1y log(X:) /n — log (X,)]

.
An &

Exercise 3.4.3. Let X, X5,...,X,, be a random sample of size n from the

Poisson (\) distribution. Find the maximum likelihood estimator of p(0) +
p(1).

Solution. The interesting function must be expressed in terms of the para
meter A. Notice that

p(0) +p(1) = PA\[X =0+ PA[X = 1] =€+ Xe™* = g(\).

The maximum likelihood estimator of g(\) will be constructed using the in-
variance principle: first, A, will be determined, and then g, will be obtained
by replacing A by A, in the above expression for g(\). To develop this plan,

notice that the likelihood function is

- PR noy o 1
L()\, X) = He_A X1 = e_nA)\Zi=1 X H X1
i=1 v i=1 "

whose logarithm is given by

LX) = —nd +1log(W) > X; — Y log(X41),
=1 =1
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Observe that L(A\;X) — —oo as A — 0 or A — o0, so that A — L(\; X)

attains its maximum at some point \, € (0,00), which is be a solution of
LX) = —n+ ZX

an equation that has the unique solution \* = X,,. Thus, 5\n = X, and
then

Gn = g(hn) = (14 e = (14+X,,)e X
Notice now the the strong law of large numbers yields that M RN A; since
that function g(\) is continuous, an application of the continuity theorem

yields that g, = g(\) EEN g(\), that is, the sequence {g,} is consistent. O

Exercise 3.4.4. Let X, Xo,...,X, be a random sample of size m from a
N (u,a%) distribution and, independently, let Y7,Y5,...,Y, be a random
sample of size n from the N/ (u, Jg) distribution. Find the maximum likeli-

hood estimators of u, 0%, 03, and find the variance of these estimators.

Solution. A solution to this problem will not be presented. The analysis be-
low shows that finding the maximum likelihood estimator of § = (u, 0%, 03)
requires to solve a cubic equation; although an explicit formula for the solu-
tion of a cubic equation is available, it is not simple. The likelihood function

is

=1

L(6:X,Y) :H<1/\/ﬁgl)e—(&—u)2/[201 H (1/V270q)e(Yi—w)*/[203]
=1
and it logarithm is given by
1 — 1
; X 1 —nl = - = —_—
£(6;X) = C —mlog(o1) — nlog(c) 2; R DI

Assuming that this function has a maximizer in the parameter space © =

IR x (0, 00) % (0, 00), such a point must satisfy the following likelihood system:

0,L(0;X,Y) = Z% +Z(JU—2“’) —0
i=1 1 j=1 2
m = (X; — p)?
Doy L(0;X,Y) - ; .
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The first equation yields that

that is,
(X — p)as +n(Y, — p)of =0

whereas the last two likelihood equations are equivalent to
D (X —p)?=5%,+ Xm— )’
SV =) =5, + (Vo — )’

where S%, = S (X; — p)?/m and S3, = > i1 (Yj = p)?/n. The two

last displays together lead to
(X = w)[S% o + (Vo = )2+ (Y = )[S% o + (X — 1)’] = 0,

a cubic equation in p O

Exercise 3.4.5. Let X1, X5,...,X,, be a random sample of size n from the

truncated Laplace density

flz:0) = ey (@)

2(1 —e9)

where 6 € © = (0,00). Find the maximum likelihood estimator of 6. Is this

estimator unbiased? Consistent?
Solution. The likelihood function is given by

Le;X) =] M —e )" X1, 6(X:)
i=1
1

- 2T X;
TP TU | R0

Observing that

I_go(r)=1<+= —0<x<0 <= |z[<0
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it follows that

1 "X,
n —0 ne_ =t |X1‘7
Le;X) =< 2"(1—e?)

0, otherwise.

ifo>|X;|, i=1,2,...,n

Notice now that 6 + (1/(1 —e~%)" is a decreasing function, a fact that
implies that L(#; X) is maximized at the smallest value at which the function
is positive, that is,

~

0, = max{| X1, | X, ..., | Xn|}.

To analyze the bias of 0, notice that Py[|X;| < ] = 1 for every 4, so that
Py[|Xi| <0, i=1,2,...,n] =1, i.e., for every § € ©

Pyl6, < 6] =1; (3.4.4)

this structural property implies that FEjy [én] < 6, and then 6, is a biased
estimator of ¢, and its bias function by 0) = Eg[én] — 0 is negative. To
study the consistency, notice that if € € (0,0), then

Pol|Xi| <O —cl=P[—(0—¢) < X; <0

0—e 1
-/ o 2Ty dmae <1
—(6—¢

Hence,
PB[én < (9_6)] :P9[|Xz| §0_€7 1= 1,2,...,71]
= HPQHXi| <O—¢]=af,e)" -0 asn— oc.
i=1
Since (3.4.4) implies that Py[f, > 0 +¢] = 0, it follows that
Py[|0, — 0| > €)] = Pyl <0 —e] + Pylf,, > 0 +¢]
= Pyll, <O —¢e]l=a(f,e)” =0 asn— o,
that is, 0., Po, 6, so that the sequence {én} is consistent. A natural question

is to see whether the sequence {én} is asymptotically unbiased. To study

this problem observe that
by, (0)] = [ Eg[0] — 6]
< Eg[|0, — 0]
= E9[|én - 9|I[|én - ‘9| < 5]] + EQHén - 0|I[|én - 0| > 5]]
< e+ Eylf, — 0|1]|0,, — 6] > €]
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Observing that Py[|f, — 6] < 6] = 1, it follows that
by (0)] < &+ OE,[I[|0n — 0] > £]] < &+ 0a(0, )"

and then, because «(f,e)" —, this implies that limsup,, . |bén(0)| < g
hence, since € > 0 is arbitrary, lim,, bén(ﬁ) = 0, that is, {én} is asymp-

totically unbiased. O

Remark 3.4.1. The above analysis of the unbiasedness property for 6,, was
not based on a direct computation of the expectation of 0,. If an explicit
formula for the bias function is required, such an expectation must be cal-
culated using the density of 0,,, which is determined as follows:. Notice that

the distribution function of |X;| is

€T 1 _
G(x;0) = Py[|X;| < 2] = / ey e
r 1 4 1—e7%
= — e 'dt=—— 0
/o 1-e?)" e 70

an expression that renders the following formula for the density of | X;|:

e—m

9(x:0) = =510 ().

Using the formula for the density of the maximum of independent and iden-

tically distributed random variables,

. ne=® [1—e®\""!
f, @0) = ngla: 0G0 = 5 (1255 ) Toalo)

The expectation of 6,, can be now computed explicitly as follows:
0 —x —z\ nl
A ne 1—e
Eg[@n]:/o g (1—6—9) dx

1—e7" nf
= r —_—
1—e "

] _ n
1— x
—/ <—€_9) dx
2=0 0 1—e
% =z \ "
:9—/ (1 69> da.
o \1—e"

Therefore, the bias function of 6, is

n

N /1 —e=\"
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showing explicitly that the bias is always negative. Also, observing that

1—e ®\"
lim <—e) =0, z€[0,0),

nooo \ 1 —e—?

the bounded convergence theorem implies that
0 _ n
1 _ xX
lim < . 9) dr =0,
n—oo Jq 1—e~

which implies that {f,} is asymptotically unbiased. O

3.5. Further Examples

In some cases, the determination of a maximum likelihood estimator does
not have simple expressions, and examples of this and other difficulties of

the method are illustrated in this section.

Exercise 3.5.1. Let fi(x) and fa(x) be two density functions and consider a

random sample Z1, Z5 of size two of the mixture

f(20) = 0f1(2) + (1 = 0) fa(2) = fa(2) + 0[f1(2) — fa(2)],
where 0 € [0,1]. Find the maximum likelihood estimator of 6.

Solution. The likelihood function of the data Z = (Z1, Z5) is
L(0;Z) = [f2(Z1) + 0d(Z1)][f2(Z2) + 0d(Z2)], 6 € [0,1],
where
d(2):= f1(2) = fa(2).
To find the maximizers of L(-;Z), consider the following exhaustive cases:

(i) d(Z1)d(Z3) > 0: In this context, the mapping
0 = [fa(Z1) + 0d(Z1)][f2(Z2) + 0d(Z)]

is convex, and its unique critical point is a minimizer. Thus, L(-;Z) attains
its maximum at # = 0 or § = 1. Observing that L(0;Z) = f3(Z1) f2(Z2) and
L(1;Z) = f1(Z1) f1(Z2), it follows that

1, if f1(Z1)11(Z2) > f2(Z1)f2(22)

02(Z) = { 0, if f1(Z21)f1(Z2) < f2(Z1) f2(Z2)
0or 1, if f1(Z1)f1(Z2) = f2(Z1) f2(Z).
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(ii) d(Z1)d(Z2) < 0: In this framework, the mapping
0= [f2(21) + 0d(21)][f2(Z2) + 0d(22)]

is concave, an attains its maximum (with respect to all the points 6 € IR) at

the unique critical point point

_d(Z1)f2(Z2) + d(Z2) f2(Z1)
2d(Z1)d(Z5)

0*(2) =

and the maximizer of L(-;Z) is given by

0*(Z), if 0*(Z) € [0,1]
b,(Z) = 0, if 9*(Z) < 0
1, if 9*(Z) > 1.

(iii) d(Z1) = 0 and d(Z2) # 0: In this framework, L(0;Z) is a linear function
of 0 with slope f2(Z1)d(Z2), and it follows that
1, if fQ(Zl)d ZQ) >0

. (
02(Z) = 4 0, if f2(Z1)d(Z2) <0
any point in [0,1], if fo(Z;) = 0.

Similarly,

(iv) d(Z1) # 0 and d(Z3) = 0: In these circumstances, L(0;Z) is a linear
function of 6 with slope f3(Z3)d(Z1), and

any point in [0, 1], if fo(Z3) = 0.
Finally,

(iv) d(Z1) = 0 and d(Z2) = 0: In this case L(#;Z) is a constant function, so
that

~

02(Z) = any point in [0, 1].

Exercise 3.5.2. Let X1, Xs,..., X, be a random sample of size n from the

Poisson (\) distribution, where A € [0, 00) is unknown.
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(a) Find the maximum likelihood estimator of e=*.

(b) Find an unbiased estimator of e=*.

Solution. (a) The maximum likelihood estimator g, of g(A\) = e~* will be
constructed via the invariance principle, that is, if A, is the maximum like-
lihood estimator of A, then g, = g(j\n). To find \,, notice that, given a
sample X = (X7, Xo,...,X,,) whose components are nonnegative integers,
the corresponding likelihood function is given by

no\X

S o1
LX) = [ Sy = A X T <7 A €0,
i=1 i=1"""

and its logarithm is

n n 1
L\ X) =log(A) Y X; —n) +log (H F) . Ae[0,00).  (3.5.1)
i=1 i=1
(i) Suppose that X; > 0 for some i. In this case, the basic properties of
the logarithmic function yield that £(A\;X) — —oc as A — 0 or as A — oo.

Therefore, £(-; X) attains its maximum at some positive point, which satisfies
ONL(A; X) L En X 0
: = — L — N = N
A ) \ v A 3

this equation has the unique solution A = X, = Y"1 | X;/n. Hence,

A= X (3.5.2)

(ii) Suppose now that X; = 0 for all 7. In this context, (3.5.1) shows that
the likelihood function reduces to £(\; X) = —n, and then its maximizer is
A =0=X,. Thus, in any circumstance, the maximum likelihood estimator

of ) is the sample mean, and for g(\) = e™?,

It is interesting to observe that this estimator is biased. Indeed, using that
the population mean of the Poisson()) distribution is A, it follows that

E\[X,] = A, and then observing that the function H(z) = e~ is strictly

convex, Jensen’s inequality implies that

e = H(\) = HE\[X,]) < EA[H(X,)] = Exle"].
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(b) To determine an unbiased estimator of e~*, notice that
e = P\[X1 = 0] = Ey\[I[X; = 0]].

Thus, I[X; = 0] is an unbiased estimator of e~ since all the X; have the
same distribution, it follows that, for every i, I[X; = 0] is also an unbiased
estimator, and then so is their average T'= Y _." | I[X; = 0]/n. However, the
idea behind this problem is to determine an unbiased estimator of A) which
is a function of X,,. Let G(X,,) be such that

E\[G(X,)] =e™* for every A € [0,00). (3.5.3)

Since X,, = T}, /n where T), = X1 + Xo + - -- + X,, ~ Poisson(n)), it follows
that

k!

E\G(X)] =) G(k/n)PA[T, =k =>_ G(k/n) (”]j!)ke—m,
k=0 k=0
and then
~ Y = (n)‘)k —nA Y
E\G(Xn)] =e? <= > Glk/n)~——e " =e
k=0

0 k
— Z G(k/n)n A — p(n=1)A

k!
k=0
= Gk/n)n® . = (n—1F
— Z—k! A :kZ—k! A
k=0 =0

where the classical expansion e® = Y77 a¥/k! was used in the last step.

Therefore (3.5.3) is equivalent to

. G(k/n)nk k G (n — 1)k k
k=0 k=0

Now, using the known fact that two power series coincide in an interval if
and only if they have the same coefficients, this last display is equivalent to
G(k/n)n*  (n—1)k

= k=0123,,

that is,

G(k:/n):(n;—kl)k: <1—1>k, E=1,23,. ...

n
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Consequently,
1 Tn 1 nyn
GX,)=GT,/n)=(1-=) =(1--
X =6mm=(1-1) = (1-1)
is the unique unbiased estimator of e~* which is a function of X,,. O

Exercise 3.5.3. Let X = ((Xl 1,X2 1), (Xl 2, XQQ), ey (Xl n> Xgn)) be a ran-
dom sample of size n from the bivariate normal distribution with means
U1, po, variances o2 and o3 and correlation coefficient p. Suppose that

p € (—1,1) is unknown and find the maximum likelihood estimator of p
if

(a) p1, po, and 0% and o3 are also unknown.

(b) 1, p2, and o? and o3 are known.

Solution. (a) In this case the parameter is 6 = (u1,p2,01,02,p) € O =
R xR x (0,00) x (0,00) x [—1, 1], and the likelihood of the sample X is given
by

n

1
L(p; X) = e~ @/120-p7)] (3.5.4)
E 2my/ofo3(1 - p?)
where the quadratic form @ is given by
Q:i X1i— 1 2+ Xoj — p2) ?
— 01 02
i=1 (3.5.5)

() ()]

The logarithm of the likelihood function is

Q

00 =5

— nlog(o1) — nlog(oz) — 7 log(1 — p*) — nlog(2r),
(3.5.6)

and without loss of generality it will be supposed that the vectors (Xi;, i =

1,2,...,n) and (Xo4, i = 1,2,...,n) are not constant. The maximizer of

L(-;X) will be determined in two phases:

(i) First, given 01,02 and p, the maximizer of £(-; X) with respect to u; and
po will be determined.. Notice that (3.5.5) and (3.5.6) together yield that
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L(-;X) is a concave quadratic form in (u1, s2), and then it is maximized at

the pair satisfying the following critical equations:
0, L£(0;X) =0, and 0,,L(8;X) =0,

which are equivalent to

(X1 — ~(Xgi—p2\
(T e () o

i=1
= Xy — = Xoi — p2

— it o P2 —.
2 (B5) 2 (25

Since p € (—1,1), these equations have the unique solution

i1 =

S

n o 1 n o
X P —. (o = — .= 3

§ 114 Xln: and 2 n E X2z X2n

=1 =1

Thus,

L(0;X) < L(X1n,X2n,01,02,p), 0= (1, p2,01,02,p) €O.  (3.5.7)

(ii) Next, the function £(X 1, Xon, 01,02, p) will be maximized with respect

to 01,02 and p. To achieve this goal, notice that

ﬁ(XITL;YZn;Ul;UZap) - _fpg) - nlog(al) - nlog(ag)

2(1

— 5 log(1 — p?) — nlog(2r),

where the quadratic form Q is given by
"X = Xan D [ Xes — Xan)\
~ 1i— X1in 2i — A2np
Q=% | () ()

X1i—X1n) Xoi— Xon,
—2p 01 02

From this expressions, it follows that, as o1 or g2 goes to 0 or co or p — +1,

(3.5.8)

the function £(X 1, X2n, 01,02, p) converges to —oo, and then the mapping

L(X1n,Xon,",, ) attains its maximum at some point

(01,02,p) € (0,00) x (0,00) x (0,1),
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which satisfies

801£(71n372n50-1a0-27p)

-1 —_Qi X1:i—X1n ?
C2(1—p?) | oy — o1

+@zn: X1 —X1n Xoi— Xoy, _
o1~ 01 01 01
=1

80’2£(y1n772n70-170-27p)

I f VP TED AR (3:5.9)
21— p2) | o P o2
20~ (X1i— X1n\ [ X2i — Xan
+_,OZ(1 1)(2 2)_220
2. g1 g2 02
apE(Xln;72n7o-1;0-27p)
-p = = np
= — ) —— =0
(1 —,02)262 2(1 - p?) Cr T
The first equation immediately yields that
n(l - p?)
o1
n ~ 2 n ~ ~
|1 Xli_X1n> p (Xli_Xln) (XQi_XQn)
B [01 ; ( 01 01 ; 01 02
and then, multiplying both sides by o1 /n,
S? S
e (3.5.10)
07 0102
where .
512 = Z (Xlz - Xln) /n
i=1
$3 =" (Xoi — Xa4)" /n (3.5.11)
i=1
S12 = Z (X1i— X1n) (X2i — X24) /0
=1
Similarly, from the second equation in (3.5.10) it follows that
S2 S
e (3.5.12)
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Combining the specification of Q in (3.5.8) with (3.5.11) it follows that

~ S3 Sio 53 S12
=N|—= — —_—
Q O'% p0'10'1 + O'% p0'10'1

and then, at the solution of the system (3.5.9), equalities (3.5.10) and (3.5.12)
yield that

Q = 2n(1 - p?);

combining this relation with the third equation in (3.5.9), it follows that

P SN R
e el S R Ty =y
that is,
—2np 1 ~ np
(1—p?) 2(1—,02)aPQJr T2

equality that immediately yields that

1

Since 9,Q = —2nS12/(0102) (see (3.5.8) and (3.5.11)), it follows that

p= 512 (3.5.13)

0102'

Together with (3.5.10) this implies that S?/0? — p? = 1—p?, that is S7 /o7 =
1, so that

2 Q2
oy = S57.

Similarly, (3.5.12) and (3.5.13) together yield that

o3 =S5,

and then (3.5.13) becomes
_ 52
S

In short, the mapping (o1, 02,70) = L(X1n, Xon, 01,09, p) attains its max-

imum at the point specified in the three previous displays, that is,

*C(Xl’rHYQn?O-l?O-Q?p)
SE(Yl’quQnaS17527512/[SIS2])7 01,02 >07 pE (_171)7
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and combining this inequality with (3.5.7), it follows that
E(Q,X_) SE(Ylnay2na817827812/[5152]7X)7 06@7

showing that the maximum likelihood estimator 6 = (i1, fiz, 62,02, p) is

given by
(fi1, fia, 62,62, p) = (X1n, X2n,S1, 52, S12/[5192));

in particular, the maximum likelihood estimator of the population correlation

coefficient p is the sample correlation coefficient Sy 5 /[S1.55].

(b) When puq, s and oy and o2 are known, the likelihood function is given
by (3.5.4), where @ is specified by (3.5.5), that is,

L(p;X) = e /AN 1

=1 2Ty ‘7%05(1 —p?)

(3.5.14)

and the corresponding logarithm is

Q n
L(p;X) = o= ) nlog(o1) — nlog(oz) — 5 log(1 — p*) — nlog(2m),
(3.5.15)
where, writing
1 ( Xy —
w1 .-
-2 (B0
= 1~ [ Xai — p2)
g2 ==
2 n ;( (o)
= 1~ (X1 — 1) KXo — 2
sem 3 () (4

Q is given by
Q = n[ST + 53 — 2pS1]

The value of p maximizing £(p; X) in the interval (—1, 1) satisfies the likeli-

hood equation

Q 0,Q
OpL(p; X) = _(1_pp2)2 - 2(1p_p2) + 1 ﬁp/ﬂ =




40

which is equivalent to

_np[gf + Sg — 2p§1 2] _ —2’[15’12 + np -0
(1—p?)? 2(1-p2) 1-p* 7

that is, 3 3 3
ISt + 53— 2pS) 2]
(1—p?)

equality that is equivalent to

+§12+,0:0;

(1= p*)[S1a + p] — p[SF + 55 — 2pS12] = 0;

this cubic equation should be solved numerically. a

Remark 3.5.1. (i) At first, sight, part (b) seemed to be easier than part
(a), since in part (b) only p is unknown. However, the maximum likelihood
estimators was explicitly found when all the quantities determining the dis-

tribution of the observation data were unknown.

(ii) A very elegant method to determine the maximum likelihood estimators
when the observation vectors have a multivariate normal distribution with
unknown mean and covariance matrix, can be found, for instance in Chapter
1 of Anderson (2002). The argument relies on the spectral theory of positive

matrices and on a factorization result in terms of triangular matrices. a

Exercise 3.5.4. Let X1, X5,..., X,, be a random sample of size m from the
N (/L,O’z) distribution and, independently, let Y7,Y5,...,Y,, be a random

sample of size n from N (,u, )\02) where A > 0 is unknown.
(a) If p and o are known, find the maximum likelihood estimator of A.

(b) If 1 and o and A are unknown, find the maximum likelihood estimator
of 0 = (pu,0,N).

Solution. (a) Suppose that p and o2 are known. In this case the distribution
of the random vector X = (X1, Xo,..., X,;,) does not involve A, and the esti-
mation of this parameter relies only on Y = (Y7,Y>...,Y,,). The statistical

model for this last vector is

Yi,...,Y, are iid. N (y, Ao?) random variables, A € (0,00).  (3.5.16)
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Since A is an arbitrary real number, setting
o} = Ao? (3.5.17)
the statistical model (3.5.16) is equivalent to
Yi,...,Y, are i.id. N (u,a%) random variables, o1 € (0, 00).

For this model, the maximum likelihood estimator of 0% is given by

i=1
since A = 07 /02, the maximum likelihood estimator of \ is

5‘% 1Zn: Xi—/l, 2
o2 n o '

=1

>
I

I

I

(b) The statistical model for (X,Y) is

(1) Y1,...,Y, are .i.d. N (,u, )\02) random variables,

(11) Xq,..., X, are i.i.d. N (u, 02) random variables,

(7i7) The vectors (Xq,...,X,,) and Y = (Y7,...,Y,,) are independent,
and

(iv) pe R, o€ (0,00), e (0,00).

Defining o1 > 0 by
o = \o?, (3.5.18)

the mapping (u, 0, ) — (u,0,01) is a bijection of the parameter space IR x
(0,00) x (0,00). Hence, the above statistical model is equivalent to the

following:

(i) Yi,...,Y, are iid. N (p,07) random variables,

(11) Xq,..., X, are i.i.d. N (u, 02) random variables,

(7i7) The vectors (Xi,...,X,,) and Y = (Y7,...,Y,) are independent,
and

(w) pelR, o€ (0,00), o1€(0,00).
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This model was studied in Exercise 3.4.4, where it was shown that [ is
determined as the root of a cubic equation, and then & and &; are the

determined by

m

Y (Xi—p)? and 6f == (Y- @)%

i=1 j=1

S|

1
m

then, (3.5.18) and the invariance property together yield that

« o
A=+
o2
is the maximum likelihood estimator of \. O
Exercise 3.5.5. Let (X7, Xo,..., X)) be a random vector with multinomial
distribution with parameter p = (p1,p2,...,pr) and n trials, where n is

known and the probabilities p; are unknown numbers is [0, 1] satisfying

S ¥ pi = 1. Find the maximum likelihood estimator p = (p1, pa, . . . , Pr)-

Solution. Given X = (X3, Xo ..., X}) with positive components adding up
to n, the corresponding likelihood function is
. . n X1 X X X1 X X
L(p;X) = (X17X2,,,,,Xk>p1 py?ept =Cpytpy et
where the convention 0° = 1 is enforced, and the multinomial coefficient has

been denoted by C, since it does not involve the unknown vector parameter

p. Let P be the set of all admissible values of the vector p, that is,
k
P = {p: (p1, P2, - - k) E]Rk‘Zpi =1, p; >0, i= 12l<:}
i=1
This set is closed and bounded, so that the continuous function L(-;X) at-
tains its maximum at some point p = (p1, pa, - . ., Pk ):

L(p;X) > L(p; X), peP. (3.5.19)

To determine this point, let D be the set of all indices i such that X, is
no-null, that is,
D={ie{1,2,...,n}| X; # 0}, (3.5.20)
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so that
Lp:X)=C[] »;". (3.5.21)
jeED
Now, observe the following properties (a)—(e):
(a) L(p; X) > 0. Indeed, the k-dimensional vector u = (1/k,1/k,...,1/k) €
P satisfies L(u; X) = C'/k™ > 0, and then (3.5.19) implies that L(p; X) > 0.

(b) If X; = 0 then p; = 0. Proceeding by contradiction suppose that X; =0
but p; > 0. In these circumstances, notice that i ¢ D and that p; < 1, since
otherwise p; = 1, and then p; = 0 for all j # ¢; in particular, p; = 0 for every
j € D, and then (3.5.21) yields that L(p; X) = 0, which contradicts the fact

(a) stated above. To continue. define the new vector p € P as follows:

so that p; = p,;/(1 — p;) for every j € D, and then

L(ﬁ;X)ZCH< b >Xj

jeD 1=pi
1 X
= —C |] p;”’
HjeD(l — pi)% Jg) ’

1
= —— L(p; X)
HjeD(l - pi)Xj
where (3.5.21) with p instead of p was used in the last step. Since p; € (0,1)
and X; > 0 for j € D, the above display yields that L(p; X) > L(p; X),

which is a contradiction, since p maximizes L(-; X) on the set P and p € P.

It follows that X; = 0 implies that p; = 0, establishing the desired conclusion.

(c¢) p; = 0 implies X; = 0. Indeed, if p;, = 0 but X; # 0, it follows that ¢ € D
and then the factor ﬁ;x = 0 appears in the right hand side of (3.5.21), and
then L(p; X) = 0, in contradiction with fact (a).

The discussion in (a)-(c) can be summarized as follows: The largest value
of the likelihood function is positive, and a coordinate p; of the maximizer p

is positive if, and only if, the observation X; is positive.

(d) Suppose that D is a singleton, say D = {j*}. In this case p;- = 1.
When D = {j*}, notice that (3.5.21) yields that L(p;X) = Cp;.”", which is

an increasing function of p;«, and then attains its maximum when p;- = 1,

so that p;- = 1.



44

(e) Suppose that S contains two or more indices and let j* € D be fixed.

For every ¢ € D the equality

occurs.

To verify this assertion, for a real number h satisfying |h| < min{p;, p;-},
define the k-dimensional vector p(h) by

by if j #14,5"

plh)j =< pi—h, ifj=1

pj +h, ifj=7"
It follows form this specification p(h) € P and p(0) = p. Defining g(h) =
L(p(h); X) for |h| < min{p,, p;- }, relation (3.5.19) yields that 0 # L(p; X) =
g(0) > g(h), that is, the function g attains its maximum at h = 0, so
that ¢'(0) = 0. Observing that g(h) = C(p; — h)Xi(p;~ + h)*i* where
C is a no-null term which does not depend on h, it follows that ¢'(h) =
[Xj«/(pj« + h) — Xi/(pi — h)]g(h). Therefore,

X X
0=4g'(0 :[ ’ ——1}90,
0) = |55~ 26
and then, since ¢g(0) # 0,
Xy X
Dj+ Di
Using the previous facts, it will be shown that, for e =1,2,... k,
X
pi = —. (3.5.22)
n

To establish this assertion, first notice that if ¢ ¢ D, then X; = 0, by (3.5.20),
and this implies that p; = 0, by part (b), so that the above equality always
holds when i ¢ D. To conclude it will be shown that (3.5.22) occurs when

1 € D. To achieve this goal, consider the following two exhaustive cases.

(i) D is a singleton, say D = {j*}. In this context p; = 1, by part (c),
and X;- = n, since the X; = 0 for ¢ # j* (by (3.5.20)) and Zle X, =n.
Consequently, (3.5.22) also holds when i = j*.

(ii) D contains two or more indices. In this case, part (e) yields that the

quotient
X

~

Di

=A
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is constant when ¢ varies in D. Thus, X; = Ap; and, using that X; =0 = p;
when i ¢ D, it follows that

n—ZX —ZX —Z)\pr—/\Zpr—)\

reD reD

and then p;, = X;/n for all ¢ € D, showing that (3.5.22) also occurs when
1 € D. In short, for every ¢ = 1,2,..., k, the maximum likelihood estimator
Ofpi ISﬁZ:Xl/n O

Exercise 3.5.6. Let X = (X1, X5,...,X,,) be a random sample from the
density f(x;0) = (0/2)Ijg,5)(x), where § € © = (0,00).

(a) Find the maximum likelihood estimator {f,} of # and verify that {6, }

is consistent.

(b) Find the maximum likelihood estimator of ¢(#) = Py[X < ¢, where c¢ is

a known constant, and show the consistency of the sequence {g, }.

(c¢) Find the estimate g5 corresponding to x = (2.9,1.48,5.62,4.0,1.22), so
that n = 5.

Solution. (a) Given X = (X3, Xs,...,X,,) with positive components, the

corresponding likelihood function is

H—z[eoo> =17 21_[ 0.00)(Xi), 0 € (0,00).

11 Zi:

Observing that

[1Z6.00)(Xi) =1 = Ijpo)(Xi) =1foralli=1,2,...n

«— < X;foralli=1,2,...n
— 0 < X(l) = min{Xl,XQ,. .. 7Xn}7
— I(O,X(l)](e) =1,

it follows that

1 n
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This expression shows that L(-;X) is strictly increasing in (0, X()] and is

null outside this interval. Hence, 6, =X (1)- Observe now that, for ¢ > 0,

Pyl0, > 0+4¢c]=Py[X; >0+e,i=1,...,n]

:HPQ[Xi>9+5]
i=1
n o0 9
:H/ —dr
i=1 9+Ew
(552)
= — 0 as n — oo.
0+¢

Since Pyl6, < 6] = 0, it follows that Py[|6, — 0] > ¢] = Pylf, > 0 +¢] — 0

as n — oo, that is, {6, } is a consistent sequence.

(b) By the invariance principle, the maximum likelihood estimator of g(#) is

n = g<én) - g(X(1)>'
On the other hand, the function g(#) is explicitly given by

c €0 _ 1
g<9):/0 f(:v;@)d:v:/o Pl[a,oo)(:c)dg[,-:{é e L=y

and it is clear the g¢() is continuous in the parameter space. Using that

{én} is a consistent sequence, the continuity theorem yields the consistency
of {Gn}-

The estimate 05(x) corresponding to the given data is
05(x) = min{xy, xo, x3, x4, x5} = 1.48,

and then

) 1 - 148/c, iff<1.48
= g(1.48) = { ’ 1R < f
95(x) = g(1.48) = | if 1.48 < 0.

Exercise 3.5.7. Let X = (X3, Xo,...,X,) be a random sample from a
Geometric (p) distribution, where p € [0, 1], so that the common probability

function of the X;s is

flz;p) = (1 - p)$_1p1{1,2,3,...}($)-
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(a) Find the maximum likelihood estimator of p.

(b) A state has 36 counties. Assume that each county has equal proportions
of people who favor a certain gun control proposal. In each of 8 randomly
selected counties, we find how many people we need to sample to find the

first person who favors the proposal. The results are
3,8,9,6,5,3,2

(e.g., in the first county sampled, the first two persons sampled were opposed,
and the third one was in favor). Based on this data, compute the maximum

likelihood estimator of p.

Solution. (a) Given a sample X = (X1, Xs,...,X,,) whose components are

positive integers, the corresponding likelihood function is

Lp:X) [[a-p* ' p=0-p)™ """, pel0,1],
=1

where

The function L(-; X) is continuous in [0, 1], and then it has a maximizer p,,.
To determine such a point, notice that T,, > n, since the X;s are positive

integers, and consider the following two exhaustive cases.

(i) T,, = n. In this context, L(p; X) = p™ is an increasing function in [0, 1],

so that the the likelihood function is maximized at the unique point p,, = 1.

(ii) 73, > n. In this case L(p; X) is null at the extreme points p = 0 and
p = 1 of its domain, and is positive for p € (0,1). It follows that L(p;X)
attains its maximum inside the open interval (0,1), and the maximizer must
satisfy the likelihood equation

T, —n
apL(pé X) = - 1

where L(p; X) # 0. Hence,
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which is equivalent to p(T;, —n) = n(1 —p), that is, pT,, = n, and the unique

solution is p = n/T,,. Consequently,

. on 1
pn - Tn - Yn,
a relation that is also valid when T,, = n, since in this case p, = 1 and

X,, = 1. In short, the maximum likelihood estimator of p is p, = 1/X,.

(b) For the data set x in the problem, Xg attains the value Tg = 40/8 = 5,
and the corresponding estimate of p is ps = 1/5 = 0.2. O



Chapter 4

Method of Moments

This chapter presents other procedure to build estimators of parametric
functions, namely, the method of moments. In contrast with the maximum
likelihood technique, when applicable the method of moments always pro-
duces explicit formulas for the estimators, and can be roughly described as
follows: A population moment is estimated by the corresponding sample
moment, and a parametric function that is a function of the population mo-
ments, is estimated by the same function evaluated at the sample moments.
Under mild conditions, the generated estimators are consitent, and, as it will

be proved later, are asymptotically normal.
4.1. Estimation Using Sample Moments

This section introduces the method of moments to produce estimators of
parametric functions. Consider a random variable X whose distribution

depends on an unknown parameter 6,
X~ Py, 0¢€0,

where the parameter space © is a subset of IR for some m. Now, let 1} (0)
be the kth moment of the distribution FPp, that is,

1 (0) = Eo[X"], (4.1.1)

49
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which is supposed to be finite. Now, let X = (X1, Xo,...,X,,) be a random

sample of size n of the population Py, so that

X1,Xs,...,X, are independent and identically ( )
4.1.2
distributed with common distribution Pj.

The kth sample moment of the data X = (X7, Xs,..., X,,) is defined by
i, = = i X! (4.1.3)
kn n Z:1 7 . .

This sample moment is naturally considered as an estimator of u}; indeed,
since the powers X¥, X¥ ... X% are independent with the same distribution

as X¥, the law of large numbers yields that
1
L= 2N T XE IS B X = k(0 4.1.4
Min n Z 7 9[ ] :uk( ) ( )

so that the sequence {mj, }n=123, .. estimates p)(#) consistently. More-
over, Eglmyn,] = Y1 Eo[XF]/n = nu)(0)/N = u).(), so that m/},, is an
unbiased estimator of p.(6).

The method of moments can be now stated formally as follows: Given
X1,X9,..., X, as in (4.1.2), then

(i) The kth population moment pu} () is estimated by m/ . ;

(ii) If a parametric quantity g(f) can be expressed in terms of the population

moments 1} (6), u5(0), ..., u.(0), say
9(0) = G(u1(0), 12(0), - - -, 1(0)), (4.1.5)
then the estimator of g(f) based on X1, Xs,..., X, is given by
Gn = G(mY,,,mb,,...,m..); (4.1.6)

in words, if the parametric quantity g(f) is a function of some population
moments, then the estimator g, is the same function of the corresponding
sample moments.

As it was already noted, the estimator m) . of u; () is unbiased. How-

ever, the above estimator g, of the parametric function in (4.1.5) is not,
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in general, unbiased if the function G is not linear; this assertion will be

exemplified several times below.

4.2. Consistency

The method of moments produces estimators that, under very mild con-
ditions, are consistent. Such a result is precisely stated in the following

theorem.

Theorem 4.2.1. Suppose that the function G(z1, 22, ..., 2) is continuous at
each point (u}(0), u5(0),...,u.(0)), @ € O©. In this case, within the frame-
work determined by (4.1.2), the parametric function ¢g(6) in (4.1.5) is esti-
mated consistently by the sequence {g,} specified in (4.1.6).

A detailed proof of this result can be seen in TESIS1. Before proceeding
to present some examples on the method of moments, it is convenient to
summarize the precedent discussion: Given a sample X = (X1, Xo,..., X,)

of a population Py, where 6 € O,

(i) The method of moments prescribes to estimate a population moment by

the corresponding sample moment;

(ii) The estimator of a function G (7 (0), 15(8), . . ., 1}, (0)) is constructed eval-

uating the same function at the sample moments m/ ,,, m/2,n7 Ce, MY

(ili) When estimating a continuous function of population moments, the

method of moments produces consistent estimators.

(iv) If a linear function of population moments is being estimated, the
method of moments generates unbiased estimators; however, the estimators

of nonlinear functions of population moments are generally biased.

One of the appealing features of the method of moments is that, as soon
as the parametric function of interest can be expressed as a function of the
population moments, the construction of the estimator corresponding to a
given sample is straightforward. In some cases the method can be applied
successfully, particularly in problems for which the maximum likelihood es-
timate needs to be determined numerically. On the other hand, it should
be mentioned that, when the parametric function g(#) being estimated de-

pends in a ‘smooth’ manner of the population moments, the sequence {g,}
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of moments estimators have a normal limit distribution as the sample size
n increases. This property will be established in the following chapter and

represents the most important result presented in this work.
4.3. The Values of Moments Estimators

In this section a first illustration of method of moments will be presented,
and the analysis will be used to show that in general, the method generates

estimators whose values do not necessarily belong to the parameter space.

Exercise 4.3.1. Let X, Xs,...,X,, be a random sample of size n from the
Beta (a, 5) distribution, where 6 = («, 5) € (0,00) x (0,00). Determine the

moment estimators of o and f.

Solution. If X ~ Beta(a, ), the first two moments of X are

o r af
Tatp T Rt a+p)

Now, the parameters « and 8 will be expressed in terms of ) and u5. Notice
that o |

, and then a+f= Fbl(—/_/ﬁ)
l1+a+p 0

Since o = pf (v + ), it follows that

/1_ /
a =, (M1( : 1) _1)

Mo

, (1 — )

Ho = - L

On the other hand, notice that 1—u} = 1-Ey[X] = 1—a/(a+8) = B/(a+3),
so that

B=(1- )t B) = (1—u) (%—1)

From these two last displays, it follows that the moments estimators of «

and S based on a sample of size n are given by

d’n — mlln (mlln<1 _mlln) o 1)

!
Moy

concluding the argument. O
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Remark 4.3.1. Observe that &,, and Bn contain the factor

(o) ) (BT ) g

my
and it will be shown that this factor may be negative for some samples.

Consider the sample
X=x=(g¢...,6,1—¢) (4.3.2)

of size n and notice that
X,=[n—1e+1—¢]/n and ZX2/n = [(n—1)e% + (1 —&)?]/n.
i=1
so that
L= 1 . 2
lim X, =— and nh_)ngoZX- /n=—. (4.3.3)

S

On the other hand,
X,(1-X.) e
———— 1) >20 <= X, (1-X,)> X;
(S ) (=) 2 3 XEfn

= X,(1-X,)>> X7/n

Suppose now that, for the sample (4.3.2), the factor () is nonnegative, so
that the last inequality in the previous display holds; taking the limit as e
goes to 0, it follows that

lim X,,(1—X,) > i X7

liy X iy 2o/

a relation that, via (4.3.3), is equivalent to (1/n)[1 —1/n] > 1/n, which in
turn yields that 1 — 1/n > 1, which is a contradiction. It follows that

lim X, (1 — li X?

g ¥ul1 =) < iy 3 X/

and then X,,(1 — X,,) < >0, X?/n when ¢ > 0 is small enough, a fact the
implies that, with positive probability, the factor in (4.3.1) is negative, and

then the estimators &, and Bn are negative with positive probability. This
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discussion shows explicitly that the estimators generated by the method of

moments do not necessarily belong to the parameter space. ad

4.4. Additional Examples

In this section the method of moments will be applied to estimate parametric
functions in familiar models. The first one analyzes a normal model with

unitary coefficient of variation.

Exercise 4.4.1. Let X;, X5,...,X, be a random sample of size n from a
N (6,6%) distribution for some § € © = (0,00). Find an estimator of 62

using the method of moments.

Solution. Let X ~ N (9, 92) and notice that the first population moment is
wy(0) = Ep[X] = 0, Thus, a method of moments estimator of 6 is given by
0, = m}, = X,. This estimator was obtained quite directly, and the sim-
plicity of the present argument should be contrasted with the effort required

to determine the maximum likelihood estimator of 6; see Exercise 3.4.1. O

Exercise 4.4.2. Let X1, X5,...,X,, be a random sample from the ‘displaced’

exponential population with density
1 rT—o
f(xa «, )‘) = Xe( )/A[(a,oo)(x);

where 0 = (o, \) € R x (0,00) = O. Use the method of moments to generate

estimators of a and A, and investigate their unbiasedness and consistency.

Solution. To begin with, the first two population moments of the given popu-

lation will be determined, The task is simplified by the following observation:
If X has the density f(x;a, ), then Y = (X — «)/\ ~ Exponential (1).
It follows that E[Y] =1 = Var[Y] = E[Y?] — 1, so that

P[5 e | (5]

The first part of this relation yields that
pui(0) = Eg[X]=a+ A (4.4.1)




55
whereas the second part implies that
Ey [(X —a)?] =2)%,
so that
Ey [X? —2Xa+o®] =2)7,
a relation that leads to
() = Ep[X?] = 2)% — o? + 2Ey[X]a
=2X2 —a? + 2\ + a)a
= 2)\? + 2a\ + o? (4.4.2)
=20\ + ) + a?
=2} (0) + o

Using that A = p}(0) — «, by (4.4.1), it follows that

py(0) = 2(py () — @) (0) + o
= 204(0)* = 2p1 () + a® = 11 (0)* + (1 (0) — ).

Consequently,
N = (1 (0) — ) = py(0) — i (0)7,

where the first equality is due to (4.4.1), and it is useful to observe that the
relation 15(0) — p4(0)? > 0 holds, by Jensen’s inequality. Hence, recalling
the A > 0,

A=/ u(0) — 4, (6)2,

and

0= J14(0) = X = 414(8) — /b (0) — p (62
From these expressions, the method of moments renders the following esti-

mators:

Since A and « are continuous functions of p} and pb, it follows that these
estimators are consistent, and since they are not linear functions of p} and
5, they are not unbiased. Before concluding, it is interesting to observe that
mh—(my)? =>1, Xf/n—yi =" (X;—X,)?/n is the sample variance
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52 (with denominator n), and then A, is the sample standard deviation S,,,

whereas &, = X,, — Sn, O

Exercise 4.4.3. Let fi(z) and fy(z) be two densities with means p; and o,
respectively, where pq # ps. For each 6 € [0,1] = © define the mixture

fa;0) = 0f1(x) + (1= 0) fa(x).

Use the method of moments to find an estimator of 8 based on a random

sample of size n from f(x;0).

Solution. Observe that if X ~ f(z;60) then
11 (0) = Eg[X]
= [ @A)+ (-0 p@)]de

ze/Rxfl(xH(l—e)/Rxfz(x)dw
= 0p1 + (1= 0)pg = p2 + 0(1 — p2);

notice that p; and ps, the expectations of the densities fi; and fs, respec-

tively, are known numbers. Since p1 # s, it follows that

0 — M’1(9) — U2
M1 — H2

and then, when a random sample X1, Xs,...,X,, of the density f(z;0) is

available, the method of moments prescribes the estimator

f Comi, — e Xy — o

n — =

H1 — M2 Ml—/vtz7

which is unbiased. O



Chapter 5

Limit Behavior of Moments Estimators

The objective of this chapter is to study the limit distribution of the
sequence {g,} of moments estimators of a parametric function g(). The
main result in this direction establishes that, after multiplying the difference
[Gn — g(6)] by the square root of the sample size n, the resulting random
quantity converges in distribution to a normal variable. This result is ob-
tained using the central limit theorem together with an invariance result on
convergence to normality, which can be described as follows: if a sequence
of random vectors {W,,} /n[W,, — u] converges in distribution to normality,
then a transformed sequence {G(W,,)} has a similar behavior whenever the

function G is continuously differentiable.
5.1. Asymptotic Normality

In this section the basic notion on the limit behavior of a sequence of random
variables (or vectors) is introduced. The formal statement of this idea in-
volves the concept of convergence in distribution which is carefully analyzed,
for instance, in Deudewicz y Mishra (1988), Mood et al. (1984), or Wackerly
et al. (2009). Briefly, if F(-) is a distribution function in IR¥, a sequence
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{W,} of k-dimensional random vectors converges in distribution to F' if

lim P[W, < x| = F(x)

n—oo

at each point point x at which F' is continuous, a property that is indicated
by writing
W, -5 F.

A common instance of convergence in distribution corresponds to the case
in which F'is the distribution function of a normal probability measure with

mean p and covariance matrix M, and in the notation
d
Wy, — N (u, M)
is used.

Definition 5.1.1. Consider a parametric function ¢:® — IR? defined on
the parameter space © and taking values in RY and, for each positive in-
teger n, let g, be an estimator of g(f) based on the first n observations
X1,Xa,...,X,. In this case, the sequence {g,} of estimators is consistent

and asymptotically normal if, and only,

Vi (G — 9(0)] —5 N (0, J(8)%);

where J(0)? is square nonnegative matrix of order d x d. In this case, J(0)?

is referred to as the asymptotic variance of \/n [g, — g(0)].

Remark 5.1.1. The matrix J(6)? in the above definition is also referred to
as the (asymptotic) information matrixz of the sequence {g,} since, when the
sample size is ‘large’, J(6)? determines the length of the confidence intervals
for linear combinations of the components of ¢g(f) that can be obtained from

the estimator g,,. O

5.2. Invariance Principle

As already mentioned, the main objective of this chapter is to show that

the moments estimators of a parametric quantity g(@) are consistent and
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asymptotically normal. The main tool to establish this result are the multi-
variate central limit theorem, and an invariance property of the convergence
to normality, which can be roughly stated as follows: If a sequence of ran-
dom vectors {W,,} converges to a (multivariate) normal distribution, and if
g is a smooth function, then under mild conditions the transformed sequence
{g(W,)} also converges to a normal distribution. These two fundamental

results are formally stated below:

Theorem 5.2.1. [Multivariate Central Limit Theorem.] Consider a random
vector X = (XM, x®@ X)) with mean p and variance matrix M, that
is,
p= (D, u®, 9y = (BXO), BX@), ..., BX )y
M = [m”] = COV (X(Z),X(J)> .

Suppose that Xi, X5, X3,..., is a sequence of independent and identically

distributed random vectors with the same distribution as X. In this case

Vi (X — ] =5 N3 (0, M).

The following result shows that convergence to normality is not altered

under the application of differentiable transformations.

Theorem 5.2.2. Suppose that {W,,} is a sequence of k-dimensional random

vectors such that
Vi W, = ] =5 N (0, M)

for some nonnegative matrix M of order k x k and pu € IR”. In this case, let g
be a function defined on an open set of IR” containing the vector u, suppose

that g takes value in R and that g is differentiable at u. In this case

d
v lg(Wa) = g(1)] — Na(0, Dg (1) M Dg(n)'),
where Dg(u) is the (matrix) derivative of g at p and has order d x k.

A discussion and proof of these fundamental results can be found, for in-
stance, in Dudewicz y Mishra (1988), Wackerly et al. (2007) or Lehmann
and Casella (1999). The proof of the central limit theorem involves the idea

of characteristic function and the so called ‘continuty theorem‘, that relates
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the notions of convergence in distribution and uniform convergence of char-
acteristic functions. The invariance principle is derived, essentially, using
the idea of derivative of a function as a linear transformation, and applying

Slutsky’s theorem, as presented in the aforementioned books.
5.3. The Invariance Property in Specific Cases

Before going any further, the application of Theorem 5.2.2 is illustrated in

some particular cases.

Example 5.3.1. Suppose that X7, X5,... is a sequence of independent and
identically distributed random variables with mean p and variance 02 < oco.

The central limit theorem yields that
Vi (X — ] -5 N (0,6%). (5.3.1)

Now, the asymptotic distribution of some transformations {g(X,)} will be

obtained by an application of Theorem 5.2.2.

(i) g(z) = e*. In this case, g(X,) = eXn, and observing that Dg(x) =
g'(x) = €%, it follows that Dg(u) = e*. Hence, starting from (5.3.1), an
application of Theorem 5.2.2 leads to

vn [eXr — et -L N (0,e*c%e") = N (0,e*0?)
(ii) g(x) = sin(x). For this function, g(X,) = sin(X,), and Dg(z) = ¢'(z) =
cos(z), so that Dg(u) = cos(p). Thus, (5.3.1), and Theorem 5.2.2 together
imply that

Vi [sin(X,) — sin(z)) 5 N (0, cos() o2 cos(p)) = N (0, cos(p)? o2)

(iii) Consider now that transformation g(xz) = (e®,sin(x))’. This function
transforms IR = IR' into IR?, and its derivative Dy is the following matrix

of order 2 x 1:
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Therefore,

Vi [9(X ) — (1) 5 No(0, Dg(p)o Dg(p)'):

more explicitly,

(e )~ Catn) |54 (o] | e i)
N ([0] [erionn “easi])

The next example concerns the estimation of the variation coefficient

for a normal population.

Example 5.3.2. Suppose that X7, X5, X3,... are independent and identically
distributed random variables with N (u, 02) distribution.

(i) The asymptotic distribution of the sample standard deviation can be
determined as follows: Recall that the sample variance S2 = > (X; —
X,)?/(n — 1) has the x2_; distribution, and then the central limit theorem
yields that

V=T [82 — 07 <5 A (0, 20%)

a statement that, because to the convergence /n/v/n —1—1asn — oo, is

equivalent to

Vn [S2 — o7 N (0,20%) .

Consider now the function g(x) = /x, so that Dg(z) = ¢'(x) = 1/[2v/z].
The above convergence and Theorem 5.2.2 together yield that

Vi [Sn — o] = vn [9(S2) — g(?)]

] N ) (5.3.2)
—— N (0,4 (c%) (20%))g' (c%)) = N (0,0%/2) .

(ii) The wvariation coefficient

is naturally estimated by
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which is the maximum likelihood estimator as well as the moments estimator.
The present objective is to determine its asymptotic distribution. To achieve
this goal, recall the well-known fact that for the normal model X,, and S,
are independent random variables; combining this fact with (5.3.2) and the
convergence /1 [Xn — p] — N (0,0?), it follows that

) - (1T 2e]) e

Next, consider the function transforming a vector in IR? with no-null second

component into the a real number specified as follows:

r1\ ﬂ
g T2 To
The derivative of g is the matrix of order 1 x 2 given by
1) _ _ 2
Dg <$2> - [axlgaa:mg] - [1/(132, _'rl/x2]7

and it follows that

py _ M Xn Xn =5 Iz 2
= — = = — = n, D = 1 , — R
g( ) > CV, g(s ) S, CV g( ) [1/o, —p/o7]

o n

and then

2 ! 2 2
wy|o 0 AN neo Y
Dg(a) [0 02/2]D9(0> _1_|_202_1+ 2
Thus, starting with (5.3.3), and application of Theorem 5.2.2 with the func-
tion g specified above yields that

o]t () ()] o)

n o 2

5.4. Limit Distribution of Moment Estimators

In this section it will be shown that Theorems 5.2.1 and 5.2.2 together imply

that, generally, the moments estimators are asymptotically normal.
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Theorem 5.4.1. Suppose that X is a random variable whose distribution Py
depends on an unknown parameter 6 € O, and that the moment of order 2k

of Py is finite for every 6 € O, i.e.,
Ep[X**) = py,(0) < 00, 0 €O,

Let the k-dimensional vector p(#) and the matrix M (0) of order k x k be the

mean and covariance of the vector X, X2,... X*), that is,

p(0) = (1(9), (), -, 13, (8) = (Eg[X], B[ X?],... Eo[X*])"  (5.4.1)

M(0) = [M; ()] = [Cove(X", X7)] = i1 ;(0) — i (O)u;(9)]  (5.4.2)

Consider now a sequence X1, Xo, X3, ..., of independent and identically dis-
tributed random variables from the same distribution as X, and let m,.,, be

the sample moment of order r based on the first n observations:
My gy = ! Zn: X7 (5.4.3)
rn = 2 e 4.
Finally, for each positive integer n define the k-dimensional vector W,, by

Wn = (mln,mgn,...,mkn)'. (544)

In this case,

(i) The sequence {W,,} is asymptotically normal with mean () and covari-

ance matrix M (). More explicitly,

Vi Wy — ()]~ N (0, M(8)) .

(ii) Let g:O — IR? be a continuously differentiable function defined on an
open set @ C R*, and suppose that O contains the vector (@) for each

0 € ©. Consider the parametric function

g(u(0)) = g(p1(8), 15(0) . .., ui(0)),

and let g, be the moment estimator of g(u(6)) based on the first n observa-
tions, that is,

gm = g(mlnaana e 7mkn) = Q(Wn)
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In this case, the sequence {g,} is asymptotically normal with mean g(u(9))

and covariance matrix

Mg (0) = Dyug(u(6)) M (0)Dyug(n(6))".

that is,
Vi [g(Wn) — g(u(8))] 55 Ny (0, My (6)) - (5.4.5)

Proof. When X ~ P,, the mean and covariance matrix of the random
vector X = (X, X2,..., X¥%) are uu(0) and M(#), respectively, as specified in
(5.4.1) and (5.4.2), and the vectors X; = (X;, X2,...,XF), i = 1,2,3,...
are independent with the same distribution as X. Moreover, the vector W,
defined in (5.4.4) and (5.4.3) is the sample mean of (X, Xo,...,X,):

1 n

Thus, the multivariate central limit theorem leads to
d
v (W = pu(0)] — Ni (0, M(0)),

and the relation (5.4.5) follows combining this convergence with Theorem
5.2.2. O

Remark 5.4.1. In words, the above theorem establishes that the asymptotic
normality is a ‘generic’ property of moments estimators. Indeed, the inter-
esting parametric functions g that arise in practice and can be expressed in
terms of population moments are generally smooth (continuously differen-
tiable) functions of the moments. In this case, if the moments of sufficiently
high order of the underlying population are finite, Theorem 5.4.1 ensures the

asymptotic normality of the moments estimators g,,. O

5.5. Arcsine and Risk Ratio Examples
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The application of the above theorem is illustrated in the following ex-
amples. The first one concerns a transformation that is frequently used in
experimental design to study the problem of comparing proportions, whereas
the second one refers to the limit distribution of the risk ratio as studied in

categorical data analysis.

Example 5.5.1. Let X7, X5, X3,... be independent random variables from a
Bernoulli(p) population, where the parameter p € (0,1) is unknown. The
first population moment is p, so that the moments estimator of p is p,, = X,,.
Since the population variance is 02 = p(1—p), the central limit theorem yields
that

Vi [Xn —p] -5 N0, p(1 — p))

Consider now the smooth function

g(p) = arcsin(/p),

so that

ng<p>=g'<p>:diparcsm<m: L

An application of Theorem 5.4.1 yields that
Vv/n [arcsin(X,,) — arcsin(p)] = v/n [9(X,) — g(p)]
1

L N(0, Dg(p)p(1 — ) Dyg(p) = N <0, z)

notice that the (asymptotic) variance of the transformed mean, that is,
arcsin(X,,), does not depend on the value of p; this stabilizing transfor-
mation is frequently used when comparing proportions, since an essential
assumption in the analysis of variance is that the standard deviations of the

different populations being compared is the same. a

Example 5.5.2. Consider two samples X1, Xo,...,X,, and Y1,Y5,...,Y, of
the Binomial(p;) and Binomial(p2) populations, respectively. In health
studies, p; is interpreted as the probability if acquiring some illness and

is ‘Samall’, and the ratio
b1
r =

D2



66

is referred as the risk ratio. The moments estimator of r based on the two

samples of size n is

and obtaining an approximation for the distribution of 7,, for large samples

is an interesting and important problem. Notice that

Vi (X = pi] S N (0,p1(1 = 1))

and /n [Y, — po] i>./\/'(O,pg(1 —p2)), by the central limit theorem, and
that the independence of the samples implies that

# [ RD = B ) o

Now, consider the function

9(p1,p2) = log(p2/p1) = log(p2) — log(p1),

and notice that
1 1
Dg(p1,p2) = (9p,9(P1,p2), Opog(p1,p2)) = | ——» — |,
P1 P2
as well as

p1(1—p1)

Dg(p1,p2) 0 p2(10_ )} Dg(p1,p2) = (1—p1)/p1+ (1 —p2)/p2.

D2

and, starting with (5.5.1), an application of Theorem 5.2.2 yields that

Vi [log(X /Y ) — log(pi/p2)] = Vi {g [gﬂ _y {z;”
iﬁ\/(o,l;lpl + 1;2])2).
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